Information Sciences 176 (2006) 465–474
www.elsevier.com/locate/ins

Regression for ordinal variables
without underlying continuous variables
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Abstract
Several techniques exist nowadays for continuous (i.e. numerical) data analysis and
modeling. However, although part of the information gathered by companies, statistical
oﬃces and other institutions is numerical, a large part of it is represented using categorical variables in ordinal or nominal scales. Techniques for model building on categorical
data are required to take advantage of such a wealth of information. In this paper, current approaches to regression for ordinal data are reviewed and a new proposal is
described which has the advantage of not assuming any latent continuous variable
underlying the dependent ordinal variable. Estimation in the new approach can be
implemented using genetic algorithms. An artiﬁcial example is presented to illustrate
the feasibility of the proposal.
 2005 Elsevier Inc. All rights reserved.
*

Corresponding author. Tel.: +34 93580 9570; fax: +34 93580 9661.
E-mail addresses: vtorra@iiia.csic.es (V. Torra), josep.domingo@urv.net (J. Domingo-Ferrer),
josepmaria.mateo@urv.net (J.M. Mateo-Sanz), mng@math.hkbu.edu.hk (M. Ng).
0020-0255/$ - see front matter  2005 Elsevier Inc. All rights reserved.
doi:10.1016/j.ins.2005.07.007

466

V. Torra et al. / Information Sciences 176 (2006) 465–474

Keywords: Categorical variables; Ordinal scales; Linear models; Regression models

1. Introduction
Thanks to the existing computational power, the ease of storage and the
availability of computer-based tools, companies and institutions gather and
store huge quantities of data from customers, suppliers, users or internal processes. To exploit these huge sets (e.g., to extract relevant knowledge from
them), analytical software tools are required. Data analysis and data mining
are ﬁelds devoted to the construction and study of such tools.
In general, information is either represented by means of numerical or categorical data. In the numerical case, variables take values in a continuous domain. In the categorical case, variables take values in nominal scales (no
comparison between categories is possible), ordinal scales (scales where categories are totally ordered), partially ordered scales (with a partial order in the domain of categories), etc.
While model building for continuous data is a stable and classical matter
(numerical regression models are broadly known and used), analyzing and
building models for categorical data is far less uniﬁed. Indeed, existing techniques for continuous data analysis are not easily exported to the categorical
case. This is so because not all operations that can be carried out on numbers
have their counterpart on categories: this is the case for arithmetical operations
used in computing regression for continuous variables.
1.1. Contribution and plan of this paper
This work deals with model building for ordinal data. Existing approaches
[1] either do not take ordinality into account or they assume that there is a
latent continuous variable underlying the dependent ordinal variable. We present an extension of least-squares regression to ordinal data which, rather than
assuming it, builds an optimal numerical mapping between the categories of the
dependent variable and those of the independent variables.
The approach presented in this paper is especially appropriate for data mining and model building based on survey data. Indeed, a substantial part of the
data collected from citizens by national statistical oﬃces are ordinal but do not
have an obvious numerical interpretation (see [3]).
Section 2 reviews existing approaches to regression on categorical data and
highlights their weak points when applied to ordinal data. Section 3 introduces
the notation used in the rest of the paper and gives some background on linear
and non-linear regression for numerical variables. Section 4 presents our
approach to regression model building for ordinal data. Section 5 describes
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an application of our technique to a toy example with 3 variables and 14 objects. Section 6 contains some conclusions and suggestions for future work.

2. State of the art on regression models for ordinal data
When dependent variables are measured on an ordinal scale, there are many
options to build a model. These include:
• Ignoring the categories of the variable and treating it as nominal, i.e. using
Mlogit techniques (see [8] for an overview). The key problem here is loss of
eﬃciency. Ignoring the fact that the categories are ordered means not using
some of the information available, which may lead to estimating more
parameters than necessary. Even if parameter estimates should still be unbiased, there is a high risk of obtaining non-signiﬁcant results.
• Treating the dependent variable as though it were continuous (numerical).
In this case, categories in the ordinal scale are numbered consecutively
and plain least-squares regression is used as described in Section 3.1.
This easy and common choice is reasonable when the dependent variable
has a large number of categories (5 or more). In case of doubt, some truly
ordinal approach (see below) should be used to conﬁrm that the continuity
assumption for the dependent variable does not result in signiﬁcant
distortions.
• Treating the variable as though it were measured on an ordinal scale, but the
ordinal scale represented crude measurements of an underlying continuous
variable. For example, the categories ‘‘Cold, Cool, Warm, Hot’’ can be seen
as rough measures of a continuous variable Temperature. In this case, an
ordered logit model such as PLUM can be used [7].
• Considering the dependent variable as measured on a true ordinal scale.
This may be the most sensible option for ordinal variables which cannot
be regarded as crude measurements of an underlying continuous variable.
This is the case for professional rank, e.g. ‘‘Parson, Bishop, Archbishop’’.
There is a lack of regression models that can take advantage of ordinality
without assuming underlying continuous variables. The purpose of this
paper is precisely to propose one such model.

3. Notation and background
In this section, we describe the notation used throughout this paper, which
follows the one in [2]. Also, least-squares regression for numerical data is
brieﬂy recalled for later use.
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We assume a two-dimensional table where one dimension corresponds to
the set of objects (denoted by O = {o1, . . . ,oM}) and the other dimension corresponds to the set of variables (denoted by V = {V0, V1, V2, . . . ,VN}). For
each pair (object, variable), the table contains the value that object takes for
variable. The table can be modeled as a function
V : O ! DðV 0 Þ  DðV 1 Þ  DðV 2 Þ      DðV N Þ
where D(Vi) corresponds to the range of Vi (we denote by jD(Vi)j the cardinality of D(Vi)).
For simplicity, and without loss of generality, the N-dimensional function V
can be split into N one-dimensional functions (Vi(Æ) : O ! D(Vi)) that assign a
value for variable Vi to a given object. Equivalently, V is assumed to be of the
form
VðOÞ ¼ ðV 0 ðOÞ; V 1 ðOÞ; V 2 ðOÞ; . . . ; V N ðOÞÞ

ð1Þ

with the representation above, building a model means deﬁning a mapping between the ranges of variables. Without loss of generality, we assume in what
follows that the dependent variable is V0. In this case, building a model is ﬁnding a function
F : DðV 1 Þ  DðV 2 Þ      DðV N Þ ! DðV 0 Þ
such that FðV 1 ðOÞ; . . . ; V N ðOÞÞ is similar to V0(O). We will denote by V^ 0 ðOÞ
the estimation of V0(O) (i.e., V^ 0 ðOÞ ¼ FðV 1 ðOÞ; . . . ; V N ðOÞÞÞ.
3.1. Linear regression for continuous data
When F is restricted to be a linear model, we have that
V^ 0 ðOÞ ¼ b1 V 1 ðOÞ þ . . . þ bN V N ðOÞ
In this case, building the model requires determining parameters bi for
i = 1, . . . ,N. A way to do this is to use the least squares method. This is ‘‘to
ﬁnd the model output with the minimal sum of squared error loss function
value’’ [10]. Using matrices and vectors, the solution of that minimization
problem can be expressed by:
1

b ¼ ðXT XÞ XT V0

ð2Þ

where b = {b1, . . . ,bN}, V0 = {V0(o1), . . . ,V0(oM)} and where X is the matrix V
without the column corresponding to variable V0, i.e. X = {V1, . . . ,VN}.
3.2. Non-linear regression for continuous data
The model (2) is linear with respect to the variables considered. Even if the
relationship between variables is known to be non-linear, it can be linearized by
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using transformations on variables. A typical example is using log or exp transformations to turn an exponential or a logarithmic regression into a linear one.
As [10] points out, ‘‘intelligent preprocessing can often reduce the complexity
by simplifying non-linear to linear optimization problems’’.

4. A new approach for ordinal regression
Let us now consider the process of building a model for categorical variables
in ordinal scales, i.e. a model for domains where elements can be compared but
not operated. We want a model taking ordinality into account but not assuming
any continuous variable underlying the ordinal variables. Our proposal builds
on the least-squares regression for continuous data recalled in Section 3.1.
Two main diﬃculties appear when trying to use a continuous model on ordinal data:
(1) Addition and multiplication are not deﬁned on ordinal scales.
(2) The mapping of the ordinal scale into a continuous domain is not unique.
The ﬁrst diﬃculty is that least-squares regression as described above cannot
be used directly on ordinal data. Arithmetical operations are not possible on
ordinal data and alternative operators are needed. However, the only wellknown and accepted operators for ordinal scales are the minimum and maximum. To avoid the deﬁnition of new categorical operators (as in e.g., [5]),
we propose to map ordinal data into the unit interval [0, 1] and then use least
squares regression on that interval. Let us denote the mapping of variable Vi
into [0, 1] by fi.
The second diﬃculty is how to determine the mapping fi for each variable
Vi. This is not straightforward. For each variable Vi, there exist several mappings fi : D(Vi) ! [0, 1]. If the domain of variable Vi consists of k categories
D(Vi) = {c1, . . . ,ck}, the simplest deﬁnition is fi(cj) = j/jD(Vi)j. This deﬁnition
(as any other possible deﬁnition) adds, as it were, shape to the domain, i.e. it
ﬁxes the diﬀerence between two consecutive categories. Consequently, the particular mapping chosen shapes (and strongly biases) the ﬁnal regression model.
Since we are not assuming any continuous variable underlying the ordinal
ones, it would be especially awkward to let the numerical mapping fi bias
the resulting model. Our approach is not to ﬁx the mapping beforehand but
to include the estimation of the best mapping functions fi in the model construction. According to this, the problem to be solved can be formulated as
follows:
Deﬁnition 1. Let V be the data as deﬁned in Section 3. Building the model can
be deﬁned as ﬁnding bi and fi that minimize the following expression:
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X

X

j¼1;M

i¼1;N

!2
bi fi ðV i ðoj ÞÞ

f0 ðV 0 ðoj ÞÞ

ð3Þ

It is important to note that, once the fi are known, coeﬃcients bi are determined as described in Section 3.1.
4.1. Optimization using genetic algorithms
To solve the optimization problem stated in Deﬁnition 1, we use genetic
algorithms. Our approach follows the type of genetic algorithm given in
Appendix B of [6]. For a more detailed and comprehensive description of genetic algorithms, see [9,4].
We use the fact that the selection of the mappings fi induces the vector b.
According to this, the problem can be reduced to ﬁnding functions fi that minimize Expression (3) (with b computed as in Expression (2)).
Genetic algorithms require possible solutions to be encodable as chromosomes, i.e. binary strings. According to the above discussion, the only objects
to be represented in a chromosome are the functions fi. In the following subsections, we describe how these functions are encoded into chromosomes
and what is the ﬁtness function applied for evaluating chromosomes and guiding towards the optimal solution.
4.1.1. Coding
In our case, each set of functions {fi}i2{1,. . .,N} is a possible solution. We encode each function fi as a vector of jD(Vi)j + 1 integers ðn1 ; . . . ; njDðV i Þjþ1 Þ. From
such a vector, f(ci) is deﬁned as:
P
j6i nj
f ðci Þ ¼ P
j¼1;jDðV i Þjþ1 nj
Note that this expression deﬁnes a monotonic mapping into [0, 1], but it is not
necessary that, for the largest category cjDðV i Þj , the equality fi ðcjDðV i Þj Þ ¼ 1 holds.
In general, we are not interested in fi ðcjDðV i Þj Þ ¼ 1 because this would force all
variables to have the same numerical domain. We allow diﬀerent variables to
map their categorical domain into diﬀerent numerical domains (these being
subsets of [0, 1]).
Vector ðn1 ; . . . ; njDðV i Þjþ1 Þ is translated into a binary representation to obtain
a chromosome (each integer component is translated into its corresponding
binary equivalent).
4.1.2. Fitness function
Application of genetic algorithms requires a function (the ﬁtness function)
to evaluate each chromosome. This function is deﬁned using Expression (3).
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However, as this latter expression is to be minimized and the ﬁtness function is
usually to be maximized, we deﬁne the ﬁtness function as
1=Expression (3)
In the above expression, bi corresponds to the parameters of the linear model
computed using Expression (2).
4.1.3. Genetic operators
Genetic algorithms are an iterative technique, where in each iteration the best
chromosomes of the population (the set of functions with a better linear model)
survive and are the basis of the next population. Here, ‘‘best chromosomes’’
mean chromosomes that evaluate best in relation to the ﬁtness function.
In our case, the next population is built by random selection of chromosomes from the previous population. The probability of selecting a chromosome chri is proportional to the ﬁtness of this
P chromosome. Equivalently,
the probability of selecting chri is fitness ðchri Þ= j fitnessðchrj Þ. Selected chromosomes are crossed over with low (ﬁxed) probability and then the value of
each bit of the resulting chromosomes is tweaked with a certain (ﬁxed) mutation probability.
5. Application
In this section, we give an example application of the method described in
the previous section. We ﬁrst introduce the example.
Example 1. Let V0, V1 and V2 be three categorical variables on ordinal scales.
Let
L0 ¼ fa1 ; a2 ; a3 ; a4 g
L1 ¼ fb1 ; b2 ; b3 ; b4 ; b5 ; b6 ; b7 ; b8 g
L2 ¼ fc1 ; c2 ; c3 ; c4 ; c5 ; c6 ; c7 g
be the ranges of variables V0,V1 and V2, respectively. Let <L0 , <L1 and <L2 be
order relations deﬁned on L0, L1 and L2 according to the position of categories
in these sets (e.g. ai <L0 aj if i < j). Then, consider the set of records
R ¼ fr1 ; . . . ; r14 g
in Table 1. A graphical representation of these records is given in Fig. 1. This representation shows that V0 is a monotonically increasing function of V1 and V2.
To apply genetic algorithms to Example 1, we have deﬁned a population of
50 chromosomes each consisting of (jD(V0)j + 1) + (jD(V1)j + 1) + (jD(V2)j +
1) = 5 + 9 + 8 = 22 integers. Binary translation uses 10 bits for each integer,
which yields 220-bit chromosomes.
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Table 1
Records used for building a linear model
Objects

V0

V1

V2

o1
o2
o3
o4
o5
o6
o7
o8
o9
o10
o11
o12
o13
o14

a1
a1
a1
a2
a2
a2
a3
a3
a3
a3
a3
a4
a4
a4

b1
b2
b3
b3
b4
b4
b5
b5
b6
b7
b7
b8
b7
b8

c1
c2
c2
c3
c3
c4
c3
c4
c5
c5
c6
c6
c7
c7

V2
a4 a4
a3 a4
a3 a3
a2 a3
a2 a2 a3
a1 a1
a1

V1

Fig. 1. Graphical representation of the records in Table 1.

The algorithm described in Section 4.1 has been applied and 10 000 iterations have been computed. The best solution after these iterations leads to a
ﬁtness equal to:
fitnessðbest chromosomeÞ ¼ 1975:726
This corresponds to a distance (using Expression (3)) equal to 5.06 · 10 4. The
best solution found consists of the following functions f0, f1 and f2:
f0 ða1 Þ ¼ 0:23;
f1 ðb1 Þ ¼ 0:06;

f 0 ða2 Þ ¼ 0:39;
f 1 ðb2 Þ ¼ 0:26;

f 0 ða3 Þ ¼ 0:66;
f 1 ðb3 Þ ¼ 0:39;

f 0 ða4 Þ ¼ 0:90
f 1 ðb4 Þ ¼ 0:45

f1 ðb5 Þ ¼ 0:58;
f2 ðc1 Þ ¼ 0:21;

f 1 ðb6 Þ ¼ 0:65;
f 2 ðc2 Þ ¼ 0:21;

f 1 ðb7 Þ ¼ 0:78;
f 2 ðc3 Þ ¼ 0:24;

f 1 ðb8 Þ ¼ 0:94
f 2 ðc4 Þ ¼ 0:39

f2 ðc5 Þ ¼ 0:58;

f 2 ðc6 Þ ¼ 0:71;

f 2 ðc7 Þ ¼ 0:84
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Using these functions f0, f1 and f2, the best model found is:
V^ 0 ðOÞ ¼ 1:30175  V 1 ðOÞ þ 0:67221  V 2 ðOÞ
6. Conclusions and future work
We have introduced in this paper a method for building models for categorical data in ordinal domains. The method does not assume any continuous variable underlying the ordinal ones. Instead, optimal mapping functions from
each categorical domain into the unit interval are found and then a linear
model in the latter domain is built. The search of the optimal mapping functions is performed using genetic algorithms. The method has been applied to
a toy example to show the feasibility of the approach.
The complexity of the proposed solution is O(K Æ N Æ N Æ M) for each iteration, N being the number of variables, M the number of objects and K the number of chromosomes in each population. By avoiding the repetition of some
computations, the complexity can be reduced to O(K Æ N Æ M) assuming that
M > N. Our current implementation performs 17 iterations per second on a
desktop PC (using a Java implementation running under a Linux OS).
The genetic algorithm used in Section 5 is rather simple. As the number of
objects in Example 1 is pretty small, a large number of iterations is still possible. For a higher number of objects, the operators used and the coding of the
solutions could be improved to speed up the convergence of the genetic search.
Our current implementation displays an oscillating behaviour of the best ﬁtness
in each iteration.
The method proposed in this paper is the ordinal counterpart of numerical
linear least-squares regression described in Section 3.1. However, it should be
noted that our method can also be regarded as the counterpart of numerical
non-linear models such as those described in Section 3.2. This is so because,
in the case of ordinal variables, the mapping from the ordinal scale into the
continuous one is not ﬁxed a priori, and when ﬁxed, the mapping shapes the
space (this has an eﬀect similar to using log or exp transformations on numerical variables).
Future work includes the application of the technique proposed in this
paper to a real application and the extension of this methodology to other
types of models (e.g. any non-linear model).
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